High-order harmonic generation (HHG) in gases is nowadays a well established method to generate coherent, extreme ultraviolet (XUV) radiation down to the attosecond time scale [1, 2] . The rich physics behind HHG, which combines atoms in strong laser fields and nonlinear optics, has been progressively unraveled during the last 20 years. On the single-atom level, HHG is well described by a semiclassical three-step model: An electron wave packet leaves the atomic potential via tunneling, is accelerated by the external laser field, and recombines back to the ground state, thus emitting a burst of XUV radiation [3, 4] . Two families of electron trajectories with different excursion times in the continuum contribute to the harmonic emission. These electron trajectories, or quantum paths, are called ''short'' and ''long,'' reflecting the duration of the excursion in the continuum.
Interference phenomena are intimately connected to HHG, determining the harmonic emission both on the single-atom level as well as macroscopically. Interferences between consecutive attosecond bursts lead to harmonic frequency combs, while macroscopic interferences between the fields emitted at different positions in the medium determine the efficiency of the frequency conversion process. The latter effect is commonly used to select a dominant quantum path. When the contributions of short and long trajectories become comparable and overlap, quantum path interferences (QPIs) may occur [5] [6] [7] [8] [9] . Such interference effects provide a unique tool for probing the single-atom dipole and may allow direct access to atomic or molecular structures and dynamics.
This Letter reports on interference effects occurring in the emission of individual harmonics. A high repetition rate laser system allows us to measure complex interference phenomena with high signal/noise ratio. We observe interferences both in the harmonic spectra as a function of intensity and in the spatial far-field profiles. Similar effects have been previously observed and interpreted as QPIs [5, 7, [10] [11] [12] [13] [14] [15] [16] [17] [18] . Using an analytical model as well as numerical simulations, we show that these interferences occur due to the temporal variation of the phase matching conditions [19, 20] for only one (the long) quantum path. The frequency modulation (chirp) of the emitted radiation leads to a mapping between time and frequency [5, 21, 22] , which makes it possible to observe temporal Maker fringes directly in the spectral domain [23] . This new interpretation allows us to identify a common origin for several effects often observed in HHG such as spectral [5, 7, [10] [11] [12] [13] [14] [15] [16] 25, 26] and spatial [11, 17] splitting, intensity modulation [7, 13, 18, [27] [28] [29] , and chirp dependence [5, 30] .
Generally, the yield S q of harmonic order q can be expressed as
P q ðrÞ denotes the laser-induced polarization in the medium at frequency q!, where ! is the laser frequency. Ák is the wave vector mismatch between the generated field and P q ðrÞ. In a one-dimensional case, assuming a constant wave vector mismatch and a constant nonlinear polarization strength within a short interaction volume of length L, the above equation reduces to
S q oscillates as a function of Ák, and/or L, leading to an interference pattern known as Maker fringes [31] . For HHG in a nonguiding medium, Ák is the sum of the wave vector mismatch due to the intensity-dependent single-atom dipole phase, Ák q , the geometrical wave vector mismatch due to focusing, Ák g , and the difference in wave vectors at frequencies q! and !, due to dispersion in the neutral medium and due to free electrons, Ák d . The dispersion terms are small in our experimental conditions and will be neglected in the following argumen- tation. The single-atom dipole phase ' q can be calculated by considering the classical action along a specific quantum path (i.e., short or long trajectory) for harmonic order q and is well approximated by ' q ¼ À q I, where I is the fundamental intensity [32] . Consequently, Ák q ¼ À q @I=@z. During the laser pulse, I and therefore Ák q and Ák vary with time. This leads to oscillations of the harmonic yield [33] , i.e., Maker fringes in the time domain [34] , as illustrated in the simulation presented in Fig. 1(a) .
The intensity variation of the dipole phase does not only affect phase matching but also the spectral properties of the radiation. The instantaneous harmonic frequency during the pulse is given by [21, 33] q ðtÞ ¼ q! þ q @IðtÞ @t :
The first term denotes the central harmonic frequency, while the second term describes the variation of the instantaneous frequency due to the single-atom response. The phase modulation process effectively maps time to frequency [ Fig. 1(b) ], leading to a spectrally broadened harmonic pulse with a blueshifted leading edge and a redshifted trailing edge. Since the harmonic emission is confined to the central part of the light pulse, the mapping process is almost linear. The temporal modulation of the harmonic yield due to Maker fringes appears therefore as a spectral modulation [ Fig. 1 (c)] [24] . Both processes, the phase matching-induced modulation, as well as the effective mapping into the frequency domain, require q to be sufficiently large. Since q % 1-5 Â 10 À14 cm 2 =W for the short trajectory and q % 20-25 Â 10 À14 cm 2 =W for the long trajectory [35] , Maker fringes are more easily observed for the long trajectory. For sufficiently long pulses they do not depend on the laser carrier envelope phase (CEP) since both phase matching and time to frequency mapping are pure intensity effects. In conditions where consecutive harmonics overlap spectrally, an additional interference effect may appear which, however, washes out if the CEP is not stable [22, 36] .
In our experiments, we chose conditions where the long trajectory dominates the generation process. This implies a relatively tight focus geometry, as well as a positioning of the interaction cell close to the laser focus. We use a modified commercial Ti:sapphire laser system [37] delivering 45 fs pulses with energies up to 7 J (without CEP stabilization). The laser beam (5 mm diameter) is focused by an achromatic lens (f ¼ 60 mm) into a continuous argon gas jet emitted from a nozzle with 100 m inner diameter. A concave XUV grating is used to spectrally separate the harmonic emission onto a microchannel plate assembly. Because of grazing incidence, the grating acts as a spatial window, selecting AE11 mrad in the horizontal direction (the total divergence is approximately 50 mrad). The microchannel plate records the spectrum in this direction and the central part ( AE 5 mrad) of the far-field profile in the vertical direction. The gas pressure inside the interaction cell is chosen to be relatively low (a few tens of mbar) to minimize dispersion and absorption effects. The pulse energy fluctuations of the fundamental laser field are less than 1% (rms deviation).
In Fig. 2(a) spatially integrated experimental spectra obtained with a gas jet at the focus (solid black line) and % 0:2 mm behind the focus (dashed gray line) are shown. In the latter case, the harmonics appear intense and spectrally narrow, which is typical for the short trajectory emission. In contrast the harmonics generated at the focus are spectrally broad, as expected from the long trajectory, and exhibit interference structures. Figure 2(b) presents the corresponding spatially resolved spectrum, with clear splitting of the harmonic lines. The number of additional fringes on each side of the central frequencies q! increases with intensity and decreasing harmonic order, as shown in Figs. 2(c) and 2(d) . The fringes follow an almost symmetric, nested shape, similar to those observed in [7] under different experimental conditions. We performed numerical simulations for a timedependent, three-dimensional harmonic source taking into account dispersion, absorption, and ionization effects. We used a simplified model for the single-atom response, deriving the phase of the dipole moment using classical trajectory calculations [3] . In accordance with previous experimental results, the amplitude of the dipole moment was assumed to scale as I 3=2 within the plateau [38] . The dependence of the dipole moment with harmonic order was adjusted to reproduce our experimental results. The numerical technique is a three-dimensional integration of Eq. (2) using Fourier-Hankel transform techniques. The integration in the far field is performed in accordance with the experimental geometry. 
FIG. 1 (color online)
. Simulation of the mapping process for the 21st harmonic order: any temporal modulation of the harmonic signal S q ðtÞ is mapped into the frequency domain due to a temporal modulation of the instantaneous harmonic frequency q ðtÞ. The dashed lines indicate the fundamental intensity profile.
of this simulation, considering only the contribution of the long trajectory. The experimentally observed interference patterns are well reproduced by the simulations. The shape of the interference structures can be described analytically by examining the intensity dependence of the time-frequency mapping process. During the laser pulse phase matching is transiently optimized at certain intensities I n , which are reached at given times t n depending on the peak intensity I 0 . For a Gaussian intensity profile I n ¼ I 0 expðÀt 2 n = 2 Þ where ¼ =ð2 ffiffiffiffiffiffi ffi ln2 p Þ defines the temporal width with respect to the full width at half maximum . Equation (3) can be evaluated for a certain I n leading to an equation for the instantaneous harmonic frequency q as a function of I 0 :
The equation can be inverted for direct comparison with the experimental spectrum as
This equation describes the exponential shape of the maximum signal in the harmonic spectrum plotted as a function of the laser intensity (/ pulse energy). It is indicated as dashed lines on the 21st harmonic signal shown in Fig. 3(a) , for different intensities I n , adjusting q for best agreement with the experimental result. Calibrating the intensity reached in our experiment using the cutoff law which defines the maximum photon energy E max ¼ I p þ 3:17U p (I p and U p are the ionization potential and the ponderomotive energy, respectively), the energy axis can be converted approximately into an intensity axis. We found 17-25 % 40 Â 10 À14 cm 2 =W, which is consistent for the long trajectory, being slightly higher than the values reported in the literature [35] .
A consequence of temporal Maker fringes is the modulation of the harmonic signal with intensity. Figure 3(b) shows the spectrally integrated signal as a function of the peak intensity. Both experimental and simulated signals exhibit modulations, due to interference maxima [ Fig. 3(a) ]. The modulation contrast is limited by spectral and spatial integration. Similar effects have been observed in the past [18, [27] [28] [29] with various interpretations involving resonances and QPIs. In the case examined in the present work, their origin can be clearly assigned to temporal Maker fringes.
Finally, we calculate in Fig. 4 the spatial properties 4(a)-4(c) and the spectrum as a function of the laser pulse energy 4(d)-4(f) for the 21st harmonic in three different cases. Figures 4(a) and 4(d) refer to the case examined previously, i.e., taking into account only the long trajectory and a nonlinear medium with low density. The intensity dependence of phase matching leads to a similar effect in the spatial domain as in the temporal domain. A mapping between near-field and far-field profiles gives rise to phase matching rings in the far field. Figures 4(b) and 4(e) are calculated using the same conditions as for 4(a) and 4(d), with the addition of the short trajectory. This leads to an increased yield and interferences between both trajectories at the center of the spectral and spatial profiles. A similar feature can be observed in our experimental data (Fig. 2) for the 15th and 17th harmonic. Since the short trajectory contribution leads to well collimated and spectrally narrow harmonics [39] , interference effects observed outside these regions involve the long trajectory only. In Figs. 4(c) and 4(f), we examine the influence of ionization in relation to a higher gas density. Equation (3) can be generalized to include the ionization-induced chirp of the fundamental field by adding on the right Àq@' f =@t, where ' f denotes the phase of the fundamental pulse envelope, thus modifying the time to frequency mapping. Ionization also changes the phase matching conditions and reduces the number of contributing atoms on the trailing edge of the pulse [20] . Both effects lead to asymmetric temporal and spectral profiles. In general, the timefrequency mapping is modified when the fundamental field is chirped. A positive (negative) chirp decreases (increases) the spectral width of the individual harmonics.
In conclusion, we have identified spectral Maker fringes in HHG which originate from transient phase matching of the long trajectory contribution. This interference effect allows us to analyze and control the phase matching process as well as to spectrally and spatially tune the harmonic emission by changing the intensity and/or chirp of the fundamental pulse. The similarities between our results and previous experiments, where interference effects were interpreted in terms of QPIs, suggest that macroscopic effects have to be considered. In general, our results beautifully illustrate the fascinating interplay between macroscopic and microscopic effects in HHG. In (a, c) and (d, f) only the long trajectory is included; in (b) and (e) a contribution from the short trajectory is added. In (c) and (f) the pressure was changed from 50 mbar (other figures) to 500 mbar and the intensity was slightly increased by setting the interaction medium closer to the focus.
